Introduction
Knowledge on heat transfer in biological bodies has many therapeutic applications involving either raising or lowering of temperature and often requires precise monitoring of the spatial distribution of thermal histories that are produced during a treatment protocol ͓1͔. Extremes of temperature into the freezing and burning ranges are useful in surgical procedures for selective killing and/or removal of target tissues. For example, the primary objective of hyperthermia is to raise the temperature of the diseased tissue to a therapeutic value, typically 42-43°C, and then thermally destroy it ͓2-4͔. The microwave ͓5,6͔, the ultrasound ͓7͔, and the laser ͓8-13͔ etc. are popular apparatus used to deposit a spatial heating for treating the tumor in the deep biological body. To preserve the healthy tissues near the skin surface from burn injury, a modulated surface cooling is often necessary. Heat transfer analysis on these thermal medical problems usually has to simultaneously face the transient or spatial heating both on skin surface and in interior of the biological bodies. Moreover, in thermal diagnostics ͓14͔ and thermal comfort analysis ͓15-17͔, thermal parameter estimation ͓18 -29͔, or burn injury evaluation ͓1,30͔, similar complex heating was also encountered. Therefore, to obtain a flexible solution, which is capable of solving any one of these problems, is very desirable. Traditionally, people relied too much on numerical approaches such as finite difference method, finite element method, and boundary element method etc. for such purpose. This may be necessary when the analytical solutions were not available. But if both analytical and numerical solutions can be obtained for the same issue, the analytical one is often preferred. Except for its simplicity being used to compile computer codes, the analytical solution is very attractive since its efficiency depends weakly on the dimensions of the problem, in contrast to the numerical methods. Solution at a desired point can be performed independently from that of the other points within the domain, which can be an asset when temperatures are needed at only some isolated sites or times. But for most of the conventional numerical methods ͑except Monte Carlo simulation͒, the temperatures at all mesh points must be simultaneously computed even when only the temperatures at a single point are needed. In this sense, the analytical solution will save computational time greatly, which is valuable in some hyperthermia practices. It is for these reasons that we aimed in this paper to present several closed form analytical solutions to the Pennes' bioheat equation with relatively complex boundary or volumetric heating conditions. Derivation of the solution will be based on the Green's function method. This is because the Green's function obtained for the differential equation is independent of the source term. Therefore it can be flexibly used to calculate the temperature distribution for various spatial or temporal source profiles. Furthermore, the Green's function method is capable of dealing with the transient or space-dependent boundary conditions. Thus, it will satisfy the present request that the obtained solutions should be capable of solving the bioheat problems with discretional spatial heating or transient boundary conditions such as the time-dependent second ͑where a transient surface heat flux was given͒ or third ͑where a convective cooling was applied͒ boundary conditions.
Up to now, quite a few authors have applied the Green's function method to solve the bioheat transfer problems. Vyas and Rustgi ͓31͔ obtained an analytical solution using this way to study the laser tissue interaction, but the derivation was based on a cylindrically symmetric model in which laser beam is traveling only in the z direction. Gao et al. ͓32͔ contributed to this field by using the Green's function and Fourier transform techniques. In addition, Newman et al. ͓33͔ had investigated the thermal washout in biological tissues using the Green's function method. Liu et al. ͓5͔ derived the solution to heat transfer in cylindrical canine prostate centrally cooled by a flowing-water. Zhu and Weinbaum ͓34͔, Zhu et al. ͓35͔ applied the Green's function method to solve a series of steady state bioheat transfer problems, in which the Pennes' perfusion term was not included. Durkee et al. ͓36,37͔, Durkee and Antich ͓38,39͔ addressed the time-dependent Pennes' equation in 1-D multi-region Cartesian and spherical geometry, based on method of separation of variable and Green's function method. Their solutions are very useful in the study of transient temperature behavior in an arbitrary number of physiologically distinct regions, although the calculations appear rather complex. Besides, Lagendijk and his colleagues ͓40,41͔ also contributed on understanding some specific heat transfer problems during a tumor hyperthermia process, using the analytical, numerical or experimental approaches. However, in most of the existing analytical studies, the solutions to the bioheat transfer problem are either in one dimensional geometry, for a steady state, heat conduction equations, an infinite domain, or for a constant heating at skin surface or inside the tissue volume, which may not be practical for some real bio-thermal situations. Therefore it is still desirable to obtain an as flexible as possible way to analytically solve the most widely accepted Pennes' equation in the bioheat field. The presently obtained solutions will incorporate relatively complete situations such as the finite tissue domain, the transient or spacedependent boundary conditions and volumetric heatings. The solution form is straightforward and easy to be utilized. Several typical bioheat transfer cases were thus selectively studied which are often encountered in the following categories of events: therapeutic and surgical protocols, thermal comfort analysis, tissue property measurement, and evaluation of the thermal injury. Accordingly, the temperature responses of tissues subject to the constant, sinusoidal, step, point or stochastic heating etc. both in volume and on boundary were investigated. Such solutions are expected to be very useful in a variety of bio-thermal practices.
Model and Solution
Most of the theoretical analysis on heat transfer in living tissue are based on the Pennes equation ͓42͔, which describes the influence of blood flow on the temperature distribution in the tissue in terms of volumetrically distributed heat sinks or sources. Thus it will also be used in this paper. For brief, only one-dimensional ͑1-D͒ case with constant thermal parameters will be particularly studied, which is a good approximation when heat mainly propagates in the direction perpendicular to the skin surface. Solution to the three-dimensional ͑3-D͒ problem will also be addressed in the appendix and a simple case study will be conducted for illustration purpose.
The generalized 1-D Pennes equation can be written as:
where , c, k are respectively the density, the specific heat, and the thermal conductivity of the tissue: b , c b denote density and specific heat of blood; b the blood perfusion; T a the arterial temperature which is treated as a constant, and T the tissue temperature; Q m is the metabolic heat generation, and Q r (x,t) the heat source due to spatial heating. The initial temperature field for the basal state of biological bodies can be obtained through solving the following equations:
where, T(x,0)ϭT 0 (x) is steady-state temperature fields prior to heating, T c the body core temperature and often regarded as a constant, h 0 the apparent heat convection coefficient between the skin surface and the surrounding air under physiologically basal state and is an overall contribution from natural convection and radiation, and T f the surrounding air temperature. Here, the skin surface is defined at xϭ0 while the body core at xϭL. The solution to equation ͑2͒ is:
where, Aϭ b b c b /k. During the practical thermal processes, the boundary condition ͑BC͒ at the skin surface is often time-dependent, which can be generalized as:
where, f 1 (t) is the time-dependent surface heat flux, f 2 (t) the time-dependent temperature of the cooling medium and h f the heat convection coefficient between the medium and the skin surface. In this paper, Eq. ͑3b͒ was named the second BC and Eq. ͑3bЈ͒ the third BC. The body core temperature was regarded as a constant (T c ) on considering that the biological body tends to keep its core temperature to be stable, i.e.,
For the case of transient core temperature or an adiabatic core boundary, the Green's function method is also valid. But they will not be included here for brief.
In the following passage, for different boundary conditions at the skin surface, exact solutions will be obtained separately. First, the case with second BC given in Eq. ͑3b͒ and Eq. ͑3c͒ is dealt with.
Through using the following transformation ͓43͔
Eq. ͑1͒ can be changed to the following form,
where ␣ϭk/c is the thermal diffusivity of tissue.
The corresponding boundary and initial conditions are then expressed as:
where,
and H(t)ϭ͕ 1, Using Green function method ͓43,44͔, W(x,t) can be solved from the combined equations Eq. ͑5͒ and Eq. ͑6͒. The corresponding expression for Green function is obtained as ͑detailed derivation is omitted here͒:
Then, the solution to Eq. ͑5͒ can be obtained as
The final solution for T(x,t) is therefore constructed in the form of
with T 0 (x) and W(x,t) given in Eqs. ͑3a͒ and ͑10͒, respectively. For the case of the third BC given in Eq. ͑3bЈ͒ and Eq. ͑3c͒, the solving process is as follows. Using the same transformation as Eq. ͑4͒, the skin surface heating condition Eq. ͑3bЈ͒ can be converted to
The other boundary and initial conditions are still the same as Eq. ͑6b͒ and Eq. ͑6c͒. Using Green function method ͓43,44͔, the Green function for the combined Eq. ͑5͒, Eq. ͑6aЈ͒, Eq. ͑6b͒, and Eq. ͑6c͒ is obtained as:
where, ␤ n are positive roots of the following equation
Then, the solution to Eq. ͑5͒, Eq. ͑6aЈ͒, Eq. ͑6b͒, and Eq. ͑6c͒ is obtained as
with T 0 (x) and W(x,t) given in Eqs. ͑3a͒ and ͑10Ј͒ respectively. Should be pointed out that, for some extreme situations where perfusion will change significantly with the external heating, the present solution cannot be directly used. However, if the average perfusion in a specific temperature range was known, the analytical solutions can still be flexibly used, which will provide intuitive temperature prediction. For those bioheat transfers under small heating, a good accuracy from the analytical prediction can be expected.
Results and Discussion
In the following calculations, the typical tissue properties are applied as given in ͓45͔: ϭ b ϭ1000 kg/m 3 , cϭc b ϭ4200 J/ kg•°C, T a ϭT c ϭ37°C, kϭ0.5 W/m•°C, b ϭ0.0005 ml/s/ml, Q m ϭ33800 W/m 3 . The apparent heat convection coefficient due to natural convection and radiation is taken as h 0 ϭ10 W/ m 2 •°C. The forced convection coefficient is applied as h f ϭ100 W/m 2 •°C, while the surrounding fluid temperature was chosen as T f ϭ25°C ͓14͔. Further, as demonstrated in many works ͓29,46͔, the interior tissue temperature usually tends to a constant within a short distance such as 2-3 cm. Therefore Lϭ3 cm was used in this study. For some particular issues, such as deeper heating, or more intense sources of heat, the distance between skin surface and the body core will exceed this depth. In that case, new bounded core large enough to neglect the influence of the surface heating should be incorporated into the calculations.
Heat Transfer in Tissues Subject to the Second BC
(a) Surface adiabatic condition and spatial heating. Although any spatial heating style like Q r (x,t) can be dealt with by the present solutions, only the most typical one that the heat flux decays exponentially with the distance from the skin surface q r (x,t)ϭ P 0 (t)exp(Ϫx) ͓1͔ will be used in this analysis. Such heating pattern is in fact constructed from the well-known Beer's law. It can be encountered in tissue heating by laser, microwave or ultrasound etc ͓1,47͔. The spatial heating can then be obtained as ͓47͔:
where, P 0 (t) is the time-dependent heating power on skin surface, and the scattering coefficient. Eq. ͑12͒ may be regarded as the most simple expression for the specific absorption rate ͑SAR͒. Although simplified, analysis using this equation can still provide valuable information for some practical bioheat transfer problems subject to a spatial heating. For more complex heating pattern such as that the wavelength and geometrical structures etc. play a role, new expression for the practically measured SAR needs to be implemented into the solution and further calculations are necessary. The present method also works for this purpose. However, this will not be considered in this study for brief. Should be pointed out that, the volumetric term Q r (x,t) will not contribute to the boundary condition since zero net heat flux occurs there due to this heating, i.e., at any tissue sites, one has q r (x Ϫ ,t) ϭq r (x ϩ ,t). Figure 1 depicts the temperature distributions of biological bodies subject to two different spatial heatings and skin surface was treated as adiabatic ͑namely, f 1 (t)ϭ0) ͑where ϭ200 m Ϫ1 for laser-tissue interaction ͓1,47͔ was used͒. Figure 1͑a͒ depicts the case of constant heating, and Fig. 1͑b͒ the case of sinusoidal heating. The former one reflects the situation where the human skin was heated by a laser, while the later case can be found in the perfusion estimation ͓28͔. Obviously, in both cases, the tissue temperature at the early stage of heating decreases from the body core to the skin surface. However, it will gradually be improved due to the spatial heating. Moreover, there is an intercross for temperature curves at different times in Fig. 1͑b͒ , which indicates the temperature oscillation inside the tissue when subjected to the sinusoidal heating. Fig. 2 gives out the effects of the scattering coefficient to the temperature transients at skin surface. Clearly, the larger coefficient, the higher temperature increases. Particularly from Fig. 2͑b͒ , one can still find that the larger coefficient, the higher amplitudes of the temperature oscillation. For the other heating frequencies, the corresponding thermal responses can also be studied using the same way. Since different heating apparatus such as laser or microwave may have different power and scattering coefficient ͓47͔, calculations as performed above are expected to be useful for the heating-dose planning during the hyperthermia treatment or parameter estimation. For example, performances of different heating apparatus with specific power and decay coefficient can be evaluated using the present model to predict the temperature response thus induced in the tissues.
(b) Constant surface heating. This resembles heating at the skin surface by a hot plate, which is often encountered in thermal injury analysis ͓1,30͔. The calculated temperature response at skin surface was shown in Fig. 3 . Curves, A, B and C are the transient temperatures of tissues subject to three constant surface heatings: f 1 (t)ϭ1000 W/m 2 , f 1 (t)ϭ500 W/m 2 , and f 1 (t)ϭ200 W/m 2 , respectively. Obviously, the larger surface heating, the higher temperature increases. Such information is also valuable for thermal comfort evaluation. The above applied heat flux values were chosen so on considering that they should be in the safe range for the biological skin ͓24 -29͔. Generally, a long durable and high surface heating will cause pain even burning to the skin tissues.
(c)
Step heating at skin surface. Practical examples of this case can be found in eye surgery via a single laser pulse or skin burns due to a flash fire, hot plate, liquid, and gas for a short period of time. In atomic explosion, burn injury caused by the traveling high temperature shock wave also belongs to such problem. Figure 4 is the transient temperature of biological bodies subject to a surface step heating f 1 (t)ϭ͕ 0, tу1200 s 1000 W/m 2 ,tϽ1200 s while the spatial heating Q r ϭ0. In Fig. 5 , a constant spatial heating with P 0 (t)ϭ250 W/m 2 , ϭ200 m Ϫ1 was additionally applied, except for the surface heating as given in Fig. 4 . In Fig. 6 a sinusoidal Obviously, in these figures, the highest temperature increase appears at the time when the surface heating was stopped. For the case of blood perfusion b ϭ0.004 ml/s/ml, at the end of the step heating, the tissue temperature will quickly reach a steady state while a much longer time is needed for the smaller perfusion tissue ( b ϭ0.0005 ml/s/ml). It can be found from Fig. 4͑b͒ that when the tissue temperature reaches a steady state, the lowest temperature is at the skin surface. This is because Fig. 4͑b͒ represents the case where the spatial heating Q r ϭ0. If a spatial heating was applied ͑Fig. 5͒, the highest temperature occurs at the skin surface. Results in Fig. 6 indicate that temperature oscillation ͑due to sinusoidal spatial heating͒ at the skin surface is more evident than that at the other tissue positions. These results can help to better understand the temperature history of living tissues subject to various step heatings and thus benefit the thermal injury analysis.
(d) Sinusoidal surface or spatial heating. This reflects situation in which heating is caused by the repeated irradiation from regulated laser in medicine. This kind of heating was recently found to be very useful in estimating the blood perfusion ͓27-29͔. Previously, the analytical solution under such heating is based on Transactions of the ASME the assumption that the biological body is approximated as a semiinfinite domain, which is not realistic. Using the current solution in finite domain, the temperature for the sinusoidal heating both on skin surface and inside the biological bodies can easily be obtained. The sinusoidal heating at the skin surface can be expressed as
where, q 0 and q w are respectively the constant term and the oscillation amplitude of sinusoidal heat flux at the skin surface, 1 the heating frequency. Substituting Eq. ͑13͒ and Q r ϭ0 into Eq. ͑11͒ leads to
Except for using the surface sinusoidal heating for perfusion estimation, the spatial sinusoidal heating was also proposed by Anderson and Burnside ͓28͔ to measure the blood perfusion where the heat was deposited to the biological body using ultrasound, and the temperature response was monitored at the skin surface. From this response, perfusion was estimated through numerically solving the Pennes' equation. In fact, this kind of problem can also be addressed using the present solution. The spatial sinusoidal heating can be expressed as Q r ͑ x,t ͒ϭ͓q 0r ϩq wr cos͑ 2 t ͔͒•exp͑ Ϫx ͒
where, q 0r and q wr are respectively the constant term and the oscillation amplitude of sinusoidal heating power, 2 is heating frequency, and the scattering coefficient.
Substituting Eq. ͑16͒ and f 2 (t)ϭT f into Eq. ͑11Ј͒, one obtain
here, ␤ n are positive roots of Eq. (9Ј). The calculated results for the surface or spatial sinusoidal heating were depicted in Figs. 7, 8 and 9, where frequency values suitable for accurate parameter estimation and allow for a deep heat penetration ͓29͔ were used. Fig. 7 shows the effects of the heating frequency and blood perfusion to the skin surface temperature response when subjected to the sinusoidal heating f 1 (t) ϭ1000ϩ500 cos(t) W/m 2 ͑the spatial heating is treated here as Q r ϭ0). Clearly, frequency of the temperature response varies with that of the surface heating. The larger blood perfusion, the shorter time for the temperature to reach a pseudo-steady state ͑the oscillation magnitude reaches a constant͒. Curve A in Fig. 8 depicts the surface temperature transient when tissue was simultaneously subjected to sinusoidal surface and spatial heatings, curve B represents case subject to a single sinusoidal surface heating and curve C for a single spatial heating ( f 1 (t)ϭ0). The applied spatial and surface heating are P 0 (t)ϭ250 ϩ200 cos(0.02t) W/m 2 , ϭ200 m Ϫ1 , and f 1 (t)ϭ1000 ϩ500 cos(0.02t) W/m 2 respectively. Due to the same frequency for the surface and spatial heating, the resulted temperature response appears as having the same frequency of the external heating. However, if frequencies for the surface and the spatial heating are different, the resulted temperature response will appear as one with irregular frequency. This was clearly demonstrated in curve A of Fig. 9 where the tissues were subjected to surface heating f 1 (t)ϭ400ϩ200 cos(0.02t) W/m 2 and spatial heating P 0 (t) ϭ500ϩ400 cos(0.01t) W/m 2 , ϭ200 m
Ϫ1
simultaneously. Curve B and C are respectively for the case subject to a single f 1 (t) ͑the spatial heating Q r ϭ0) or P 0 (t) ͑skin surface was treated as adiabatic, i.e., f 1 (t)ϭ0). Result from Figs. 7-9 is important for selecting an appropriate heating pattern when estimating the blood perfusion or some other thermal parameters. It is also useful in understanding the complex thermal response of biological bodies subject to multi-mode external heating fields.
Temperature Response Under the Third BC.
Typical boundary conditions at the skin surface for cancer hyperthermia or thermal comfort analysis are usually the third BC. In the following part, besides the most typical one that the heating field decays exponentially with the distance from the skin surface, the temperature response subject to a point-heating will also be discussed. Practical examples for the point heating can be found in clinics where heat was deposited though inserting a conducting heating probe in the deep tumor site. Here, the point-heating source to be studied is:
where, P 1 (t) is the point-heating power, ␦(xϪx 0 ) is the Dirac function, x 0 the position of the point-heating source. Then the temperature response can be obtained from Eq. ͑10Ј͒, i.e. Figure 10 depicts the temperature distributions in the tissues under two different spatial heating methods. Due to the surface cooling by the flowing medium, the highest tissue temperature occurs at certain position below the skin ͑Fig. 10͑a͒͒. With the time passing by, the position for the highest temperature will move towards the body core ͑Fig. 10͑a͒͒. But if a point-heating source is adopted, the position for the highest temperature will just stay at the site of the point source ͑Fig. 10͑b͒͒. This is very beneficial for hyperthermia therapy since one can then selectively heat the deep regional tumor. Therefore, although invasive, using the heating probe to in situ thermally kill the tumor tissue is still highly desirable in modern clinics. Figure 11 illustrates the steady state temperature distributions for the tissues subjected to point source P 1 (t)ϭ2500 W/m 3 , x 0 ϭ0.021 m and under different cooling medium temperature. Here the heat convection coefficient is h f ϭ100 W/m 2
W͑x,t ͒ϭ ␣
•°C. The magnitude and position of the highest steady state temperature are changeless on the whole. Thus an optimum heating can be obtained through regulating the surface cooling. Figure 12 depicts the influence of heating power to the steady state temperature distribution when tissue was subjected to point-heating source Q r (x,t)ϭ P 1 (t)␦(xϪ0.021), and the temperature of cooling medium is T f ϭ15°C, while the heat convection coefficient h f ϭ100 W/m 2 •°C. It indicates that, the larger heating power, the higher temperature increases. In all these heatings, the position for the highest temperature is still fixed. Results obtained above are clinically very useful and can be implemented in a hyperthermia treatment planning.
Tissue Temperature Fluctuation
Under Stochastic Surface Heating. This case may possibly be encountered in thermal comfort analysis. Due to the unforeseen shift or small perturbation of the surrounding thermal environment or when human skin was subjected to certain air conditioning, the flowing air temperature is usually a stochastic value. Therefore, it is important to know such effect by the variance of the external thermal environment to the tissue temperature response. For this purpose, we introduce an expression for the cooling medium temperature as
where, T e is the environmental temperature, (t) the stochastic variance in T e , and T ϱ the equilibrium value of the environmental temperature. From Eq. ͑11Ј͒, one has
To test the influences of the stochastic variance in environmental temperature to the tissue temperature response, we assumed
where, and t are the discrete stochastic variance in environmental temperature and the discrete time, respectively; i the random numbers (0Ͻ i Ͻ1) which can be generated through a random function as given in Fortran compiler, and T the constant which was regarded as 5°C in the present study to represent the variance limit. Strictly speaking, for the case of stochastic BC, the temperature probability model should be established using some probabilistic approach like FPK ͑Fokker-Planck-Kolmogorov͒ methods.
But such efforts request a completely different work, therefore they will not be considered here.
Figures 13 and 14 depict the influences of variance in environmental temperature on the tissue temperature response. Obviously, due to the irregular temperature behavior for the surface-cooling medium, there exists tissue temperature fluctuation within certain range. The larger heat convection coefficient between the medium and the skin surface, the more evident the temperature fluctuation magnitude. Further, frequency of the temperature fluctuation is much smaller than that of the medium temperature change. This may imply that the biological body tends to keep its temperature to be stable. The above approach is valuable for an accurate analysis on the human thermal comfort. It may also provide a new way to investigate the stochastic effect of the thermal environment on the biological bodies.
Tissue Temperature Fluctuation Due to Biological Rhythm or Stochastic Heating by Hyperthermia Apparatus
In thermal physiology, the double modulation of body temperature by a homeostatic and a circadian process has been interpreted as an indication that the daily rhythm of body temperature results from the concerted action of the two processes ͓48͔. In the following, the influence of stochastic variance of metabolic heat generation to the body temperature will be discussed. This case corresponds to a spatial heating with 
where, Q m Ј (t) is the stochastic variance in metabolic rate, and at initial state the metabolic rate Q m was regarded as constant Q m . From Eq. ͑11Ј͒, one has
To test the influence of stochastic variance in metabolic rate on tissue temperature response, it is assumed:
where, Q m Ј and t are the stochastic variance in metabolic heat generation and the time, respectively; i the random numbers (0 Ͻ i Ͻ1), and Q the constant which was treated as Q m /10 in the present study. Figure 15 depicts the influence of variance in metabolic rate on tissue temperature response. The temperature fluctuation thus resulted almost reaches Ϯ0.1°C which is detectable. This interpreted the common phenomenon that an unstable and fluctuating temperature for biological body is often observed even when the biological body is under physiologically basal state.
In cancer hyperthermia using deep heating apparatus such as microwave, ultrasound, laser etc. or in a patient human heart powered by an artificially implanted electric device, stochastic variation in these spatial heat depositions Q r (x,t) cannot be avoided. Thus, analysis on the body temperature fluctuation under such situation is critical for a safe and reliable treatment or operation. Through the same approach as deriving Eq. ͑24͒, one has ⌬T͑x,t ͒ϭT͑ x,t ͉͒ Q r ϭQ r ϩQ r Ј͑t͒ ϪT͑x,t ͉͒ Q r ϭQ r
where, Q r Ј is the stochastic variance in spatial heating. This case is similar to that of stochastic variance in metabolic rate but may result in a large different temperature fluctuating magnitude. Overall, analysis on the temperature response in living tissues due to stochastic heating is relatively a new topic in bioheat transfer field, which requests more attention. Efforts made in this paper provide a possible way for treating such problem.
Case Study on a 3-D Hyperthermia
Problem. The 1-D case, which is a good approximation when heat mainly propagates in the direction perpendicular to the skin surface, has been studied. Nevertheless, in most of the hyperthermia situation where the heating style is very complex, heat transfer inside the biological bodies is in fact a three dimensional one. To illustrate the application of the present method, a 3-D hyperthermia problem was also studied as an example using the solutions given in the appendix. Although quite a few heating styles such as discretional heating sources ͑by external microwave arrays, multi-element planar ultrasound arrays, electrically focused ultrasound arrays, scanned focused ultrasound, multiple interstitial microwave antennaes, and multiple radio frequency electrodes ͓49͔͒ can be addressed by the present solutions, only cases of using point heating sources will be particularly studied for brevity. Previously, such problems received relatively few attentions in compared with other heating patterns.
The studied 3-D computational domain with widths s 1 ϭs 2 ϭ0.08 m and height Lϭ0.03 m is depicted as the shadowed region in Fig. 16 . The results are given in Figs. 17, 18, and 19 which respectively represent the temperature distribution in biological bodies heated by one, two, or three-point sources, respectively. The strength for each point-heating source is P 1 (t) ϭ2500 W/m 3 . The temperature of cooling medium at the skin surface is T f ϭ15°C, while the heat convection coefficient h f ϭ100 W/m 2 •°C. It makes clear that the maximum steady state temperatures of the tissues occur at the positions of the pointheating sources ͓in Fig. 17 , the single heating source is fixed at position ͑0.021 m, 0.04 m, 0.04 m͒; in Fig. 18 , the two pointheating sources are at ͑0.021 m, 0.032 m, 0.04 m͒ and ͑0.021 m, 0.048 m, 0.04 m͒, respectively; and in Fig. 19 , the three pointheating sources at ͑0.021 m, 0.032 m, 0.04 m͒, ͑0.021 m, 0.048 m, 0.04 m͒ and ͑0.021 m, 0.04 m, 0.028 m͒, respectively͔. Further, one can still observe that the temperature for the tissues surrounding the point-heating sources can fairly be kept at a lower temperature on the whole. This is very beneficial for the hyperthermia operation since one can then selectively control the temperature level at the diseased tissue sites while the healthy tissues at the surrounding area will just stay below the safe threshold. This may be one of the most attractive features why the invasive heating probes are frequently used to thermally kill the tumor in the deep tissue, although they may cause mechanical injury. Solutions developed in this paper are expected to be valuable for such hyperthermia treatment planning.
Should be pointed out that, the present analytical solution cannot be directly used to deal with the cases with transient or spacedependent thermal properties. But calculations using constant thermal properties can still provide valuable information for many clinical practices. In certain commonly encountered thermal medical or physiological situations, tissue temperature can possibly change in a relatively small range. The thermal properties of the biological bodies such as density, specific heat and thermal conductivity etc. therefore vary little. They can then be approximately treated as a constant. However, a change in blood perfusion usually occurs for tissues after heating. If the heating amplitude is small enough such as in the case of thermal parameter estimation or slight regional heating, variation of perfusion might be low which provides an opportunity for the present analytical solutions. Further, if the average perfusion in a specific temperature range was known, the analytical solutions can still be flexibly used which also provides intuitive temperature prediction. This has been demonstrated in quite a few previous works.
Conclusions
Several closed form analytical solutions to the bioheat transfer problems with generalized spatial or transient heating both on skin surface and inside the biological bodies are derived. The solutions have more capability to deal with many practical bioheat transfer problems than quite a few existing analytical solutions. To illustrate the applications of the present methods, several typical bioheat transfer problems, which are often encountered in therapeutic treatment, thermal comfort analysis, tissue parameter estimation, and thermal injury evaluation, etc., are particularly studied. Their practical implementations were discussed. The heating conditions, which can be dealt with by the present solutions, included most of the possible external heating styles such as constant, sinusoidal, step, or point heating both in volume and at boundary, or a combination of them. The influences of stochastic heating, and metabolism fluctuation to the tissue temperature response, which received few attentions before, were also investigated. The analytical solutions presented in this paper can be used to predicate the evolution of the detailed temperature within the tissues during thermal therapy. Through fitting the predicted with the experimentally measured temperatures at the skin surface, some thermal parameters for the biological bodies can be estimated non-invasively. Moreover, based on the requirements for the tumor killing temperature and the skin burn threshold, an approach to optimize the cancer hyperthermia parameters can be obtained using the current solutions. Therefore establishment of the present solutions are very useful for a variety of bio-thermal studies.
